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We here explore black holes in the third order Lovelock gravity coupling with nonlinear 
Born-Infeld electromagnetic field. Considering special second and third order coefficients 
(a^ = 3o-3 = a 2 ), we analyze the thermodynamics of third order Lovelock-Born-Infeld black 
holes and, in 7-dimensional AdS space-time, discuss the stability of black holes in different 
event horizon structures. We find that the cosmological constant A plays an important role 
in the distribution of stable regions of black holes. 
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I. INTRODUCTION 



In higher dimensional space-time, the Lovelock gravity involving higher-derivative curvature 
terms, as a most natural generalization of Einstein gravity, only contains the terms without more 
than second order derivatives of metric yj]. It may appear in a quantum gravity theory and the low- 
energy effective action of string theory, and has been found to be free of ghost when expanding on a 
flat spaced |3|]. Due to the AdS/CFT correspondence, these extended terms give a correction to the 
large N expansion of boundary CFTs on the side of dual field theory |4|-|6|]. So far, the exact static 
and spherically symmetric black hole solutions have been investigated in [7], thermodynamics of 
black holes in flvl— 1 1 OTI in third order Lovelock gravity. In addition, some rotating black branes 1111 - 
1311 and slowly rotating black holes fl 141 — 1 1 VM have been discussed in the second (Gauss-Bonnet) 
and third order Lovelock gravity. 

Besides the curvature terms, the higher derivative gauge field may also contribute to Lovelock 
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gravity. This is done by explicitly constructing black holes solutions coupled to a Born-Infeld (BI) 
gauge field in the presence of a cosmological constant. Its Lagrangian JL{T) is given by 



£CF) = 4/? 2 (l - Jl + 



[IV 



2j3 2 



(1) 



where /3 is the BI parameter, F MV = d^Ay-dyA^ is electromagnetic tensor field with vector potential 
A M . The BI theory was originally introduced to get a classical theory of charged particles with 
finite self-energy Q. Hoffmann [Q] related the BI electromagnetic field with general relativity. 
The BI black hole with zero cosological constant was obtained by Garcia et al I120ll . Later, the 
spherically symmetric Einstein-Born-Infeld black hole solutions with cosmological constant were 



studied in [|21 



2311 . Born-Infeld-dilaton models in For the Lovelock gravity, the Gauss 



Bonnet-Born-Infeld black hole solutions were found in asymptotically flat Il27h . and anti-de Sitter 



space-time |28, 



290. Moreover, the third order Lovelock-Born-Infeld black hole solutions with 



special coefficients have been also obtained in anti-de Sitter space-time (13011 . In this paper, we are 
going to analyze the black holes with two independent Gauss-Bonnet and third order Lovelock 
coefficients in third order Lovelock-Born-Infeld gravity. Then, thermodynamics of black holes 
with special second and third order coefficients (a\ = 3&j, = a 2 ) will be discussed in different 
event horizon structures k = 0, ±1 . 

The outline of present paper is as follows. We investigate black holes in third order Lovelock- 
Born-Infeld gravity in Sec. HO Then, the stability of black holes in 7-dimensional AdS space-time 
will be discussed in Sec. Unl Finally, we end our paper with closing remarks in Sec. [IV] 



II. LOVELOCK-BORN-INFELD BLACK HOLES 

Coupling with a nonlinear BI filed, in (n + 1) dimensions, the action of third order Lovelock 
gravity can be given as 



1 = i<b I d ^ x ^ [_2A +£i+ aiLi + a3£3 + L(F)] 



where 



(2) 



Xi = R (3) 

£ 2 = R Mvp< rR" VfXT - 4R, V R MV + R 2 , (4) 

£3 = ^R^^Ra-KprR^ \iv + &R^ V crpR™ vtR PT fiK + 24i? /JVO ""i? - KV pi? P ^ + TiRR^™ R^v 

+ 2AR^ vcrK R^R K y + 1 6^ v 7? vcr i?% - 1 IRR^R^y + R 3 . (5) 
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a 2 and a 3 here are the second and third order Lovelock coefficients and the cosmological constant 
reads A. 

In order to obtain black hole solutions, we assume the static and spherically symmetric metric 
to be 



1 



ds L = -fifdt 1 + -—dr 2 + r 2 dl? , 
f(r) 



(6) 



where cTL 2 ^ denotes the line element of an n - 1 -dimensional space with constant curvature in 
l)(n - 2)k 

( n-l i-1 

de x 2 + YjW sin2 e i d9 ? & = 1, 



n—i 



i=2 ]=1 



n-l i-i 



(7) 



dd 2 + sinh 2 6xd6 2 2 + sinh 2 6>i ^ ]~[ sin 2 6jd9 2 k = -1 , 

i=3 j=2 

n-l 

d<p 2 k = 0. 

y. i=i 

Substituting the metric Eq. © into the action Eq. (O, then varying it with respect to the metric 
tensor g MV and electromagnetic vector filed A^ v , the gravitational and electromagnetic field equation 
can be written as: 

1 



2Ar" -1 4/? 2 r" _1 

+ {ftp + Qr 2 r> 2 + & 3 rV) '+ — (1 



n- 1 



a. 



V 1 + 



(n-l) 



= 0. 



V 1 + 2/? 2 



) = o, 



(8) 



(9) 



Here, the function <p(r) represents k ~^ r) and coefficients read 

&2 = a^in - 2){n - 3), &3 = a^in - 2){n - 3)(n - 4)(n - 5). 
First of all, the electromagnetic field equation Eq.© can be solved in a gauge with only one 



novanishing component F r 



F rt = 



V(/z - m - 2)0q 



(10) 



V2^V("- 1 ) + l)(n-2)^ 2 ' 
where an integration constant q denotes the electric charge of black holes and the electromagnetic 
field is infinite at r = 0. The corresponding magnetic vector potential can be expressed as 

Aft = _ ^210^7^^ (tj)^, 



F(tj) - 2 Fi ([5, 5^5] , [^rf)] ,-Tj), rj- 



2n-2 
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Notice that F{rj) is a hypergeometric function and comes from the integration equation: 

M[h^]>lw$i]> bu2n ~ 2 ) = ^Ii3^ du - In the case of * -» -> we § et 

F(rj) ^> 1 and causes that reduces to the standard form of Maxwell field. 

Turning to the gravitational equation, one can easily acquire by substituting Eq. (flOl ) into Eq. © 



AB 2 



r n nin — 1) 



A (n- 1)?/ 



1 - ^[TT^- — + V : N ' F(77) 



= 0, 



(11) 



2£ 2 (n - 2) 

where <x> is an integration constant relating to the ADM mass of black holes. By solving the cubic 
equation, the general solution of Eq. (fTT|) is 



2 * 

f{r) = k - r 2 (f(r) = k+ -rr 1 + 



2 l/3 Ar 2 



3a 



3 3a 3 [B + ^TB~f 3 3 - 21/3 ^ 



[5 + V4A 3 + B 2 ] 113 , 



-a 2 + 3a 3 , 



5 = -2o2 + 9qt 2 &3 - 27a 2 , 



r" n(n-l)\ * ' 2/? 2 (n-2) KU ) 



If a 2 = 3a 3 = a 2 , it can be reduced to ll30ll 



fir) = k + -(l-g(r)i), 
a 

, „ 3aio \2aB 2 
g(r) = 1 + 



r n nin - 1) 



(12) 



2£ 2 (n - 2) 

Based on the black hole solution, the thermodynamics of black holes will be investigated. First, 
the Arnowitt-Deser-Misner (ADM) mass of black holes is 

(n - l)V„_i 



M 



I6n 

(n - l)V„_i 



1 



k\r + n -' + kar + n -« + -k z a z r + 



I6n 

+ ^ 77 1 - VI + >7+ - ^ + -7 —F(T] + ) 

mn - 1) \ 2« 2 (n 



(13) 



i(n - 1) \ v ' 2/3 2 (n - 2) 
where, o» is related to f(r) = at horizon radius r = r + in Eq. CE3- The Hawking temperature of 
black holes on the outer horizon radius r + can be easily obtained by [30] 

f'(r + ) 



T + = 



An 



in - l)k [3(n - 2)r\ + 3(n - 4)ter 2 + (n - 6)fc 2 a 2 ] + \2p 2 r%{\ - ^fTT^) - 6Ar 



and the entropy of black holes is 



12^(n- l)r + (r + 2 + ka) 2 



4 2(n - 1) 2 n - 1 2 

r + + + -a 

n-3 n - 5 



■(14) 



ji— 5 



(15) 
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Moreover, the charge of black holes can be calculated by integrating the flux of the electric 
field at infinity 112 ill 



FdQ. 



Vn-! (n-\)(n-2) 



An V 2 

The electric potential O at infinity with respect to the horizon is defined by 



(16) 



n- 1 



2(ti - 2) rT 



:F0] + ). 



(17) 



III. STABILITY OF BLACK HOLES 



In order to perform the stability analysis of black holes, the heat capacity of black holes is given 



as 



where 



MB. -(S,/ Gel 



(18) 



^(n - l)V n -ir + "' 6 (r + 2 + ka) 2 T + , 



1 



n , | -i 2 —r^ {(n - l)k \-3(n - 2)r + 6 + 18ter + 4 - 2(n - 9)k 2 a 2 r + 2 
\2n(n - l)r+(r+ + kay K L 

-(ti - 6)fcV] + I2{3 2 r + 6 (r + 2 + 5ka) + l2/3 2 r + 6 [(n - 2)r 2 + (n - 6)ka] yfl + 77, 



-12(n - 1V? y r + 2 + to _ 6r 6 + A(r + 2 + 5to)}. 
V 1 + ^+ 

It is obvious that the heat capacity depends on the coefficient a of Lovelock term, Born-Infeld 
parameter /3, event structure k, cosmological constant A and dimension (n + 1). When a — > 0, 
it returns to the Einstein-Born-Infeld case. In the following part, we are going to analyze the 
stability of the Lovelock-Born-Infeld black holes in which the cosmological constant is defined as 



A = - 



n(w-l) 
2/ 2 • 



A. The case k = 



For k = 0, the mass and temperature of black holes are simplified as 
1/ V n-tf 2 r + " L p—— n(n-\) fr-V^ 



T = 



Ann I T ~ ' ,T A/3 2 l 2 (n - 2) 
20 2 r\{\ - VTT^:) + n(n - X)r\l2l 2 
2n(n - 1) 
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FIG. 1 : Temperature T and heat capacity Cg vs. horizon radius r + in 7-dimensional space-time for k - 0. 

then, one can find the extremal mass by calculating r + from T(r + ) = 



2(n-l) 9 ; 



2 / n(n-\) f n(n-l) /lo2\\2 n -2 / n(n-l) / w(n-l) .102^ 
" V 9/2 J _ 2/ 2 ^ 2/ 2 " ^ 



2/ 2 



2/ 2 



?2^2 



r 



4/3 4 



(19) 



2(n-l)(n-2)^ y 

It is shown that, if the mass m > m ext , the black hole exists with minimum horizon r ext , that is to 
say, it gives the minimum mass of this kind of black holes. The heat capacity can be given as 

{n - l)V n _ir + n_1 [2^ 2 (1 - VTT^7) + 2^2] 



2yS 2 + 2(n - 2)^ 2 V^T^T - 2(ti - l)/3 2 — + 

V 1 ^ 



n(n— 1 ) 



(20) 



where V n -\ = 2^"/T(|). In the case k = 0, the heat capacity does not contain the coefficient a. 
That means Lovelock correction has no contribution in this condition. If defined the dimension as 



n + 1 =4, the heat capacity is correctly equal to the Einstein-Born- Inf eld black hole Olll . 

In 7-dimensional AdS space-time, we plot the temperature T and heat capacity Cq as a function 
of horizon radius r + with different parameter values in Fig. [U When q + and A + 0, the 
temperature T disappears at r + = r ext and increases as the horizon radius r + — » oo. In addition, 
the heat capacity Cq decreases accelerando from zero to reach the negative extremal pole, and 
then increases rapidly to approach the positive infinity as r + — » oo. Thus, the black holes are 
locally stable for r + > r ext . Moreover, the case of q = shows that the heat capacity Cq is always 
positive?? and then the uncharged third order Lovelock black holes are always locally stable in 
the whole range of r+. While the temperature T and heat capacities Cq always maintains negative 
in the case of A = 0(1 = oo), that is to say, the black holes are thermodynamically unstable in the 
whole range for A = and stable in AdS space-time in the region of r + > r ext . 
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FIG. 2: T and M vs. r+ for jfe - l |(afd)fc =0.1 (Dashed line), 0.5(Solid line), 0.9(Dotted line); pp) 
/3=0.1(dashed line), 1.0(solid line); |(c)l -5 and q=l(dotted line), 1=5 and q=0(solid line), I — > oo and q=l 
(dashed line). 



B. The case k = 1 

It is quite difficult to calculate the extremal case of black holes for k = 1. Using Eq. (fT3l) ([T4l). 
we plot the temperature and mass versus horizon radius in Fig. [21 Obviously, the temperature T 
of black holes is zero at a certain horizon radius r + where mass has the minimum value. It means 
that the extremal black holes exist in asymptotically fiat and AdS space-time and vanish for the 
uncharged black holes. 

The heat capacity Cq for different parameters are given in Fig. |3l With regard to the case of 
q + and A # 0, the heat capacity Cq vanishes at r + = r ext corresponding to T = 0. Later, it blows 
up at r C \ and changes sign. Finally, it blows up at r C2 again and then becomes positive. Therefore, 
there exist an intermediate unstable phase for black holes. Furthermore, we also take into account 
the effect of gravitational background in Figs. HI The heat capacity Cq is always positive and then 
the uncharged black holes are locally stable in the whole range of r+. While the Dotted line in this 
figure shows the heat capacity of black holes in asymptotically fiat space-time maintains positive is 
a small range of r+, and then there exist an intermediate stable phase. Obviously, the cosmological 
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FIG. 3: C Q vs. r + for fc = 1, a=0.1 (dashed line), 0.5(solid line) and 0.9(dotted line). 
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FIG. 4: Cq vs. r + for k - 1, 1=4 and g=0(dashed line), q=l and I — > oo(dotted line), q=l and l=4(solid 
line). 

constant A plays an important role in the distribution of stable regions of black holes. 

C. The case k = -1 



We here discuss stability in the case k = — 1. From Fig. [51 one can find that, in AdS space- 
times, the temperature T of black holes is positive when r ext < r + < 00, and will change the sign 
at r + = r ext . The figure also shows the existence of minimal black hole with positive temperature, 
which is in the inside of a singularity. This phenomena also appears in Gauss-Bonnet gravity [|4J]. 
Considering the r + dependence of ADM mass, one can find that the black hole with mass locates 
in r ext < r + < 00. Thus, the black hole solution with r + < r ext is un-physical, and physical black 
hole should satisfy r exl < r+. 

For the different a and J3, the heat capacities as a function of horizon radius are plotted in Fig. [6] 
The heat capacity Cq also vanishes at the radius r ext for T = and then reaches positive infinity 
as r + — » 00. Therefore, the black holes with negative constant curvature hypersurface horizon in 
AdS space-time are thermodynamically stable in the range of r ext < r + < 00. The Fig. 6(b) also 
demonstrates heat capacity Cq > in the domain < r + < r ext . It shows that the asymptotically 
fiat black holes are thermodynamically stable in this domain. 
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l(Solid line);[(c)l=5 and q=l(Dotted line), 1=5 and q=0(Solid line), / oo and q=l(Dashed line). 



Co 



80 
60 
40 
20 



Co 




200 
100 

-100 
-200 
-300 
-400 




(a) p = 0.5, 1 = 5, ? = 1 



(b) a = 0.5, / = 5, q = 1 



FIG. 6: Co vs. r + for £ — — 1: l(a)p— 0.1 (dashed line), l(solid line); [(b)] 1—5 and q— 0(dashed line), I 
and q=l (solid line). 



IV. CLOSING REMARKS 



We have presented the black hole solutions and discussed the thermodynamics of black holes 
in third order Lovelock-Born-Infeld gravity. Considering a\ = 3a 3 = a 2 , the extremal black holes 
exist for the three cases k = 0, + 1 in AdS space-time . 

For k = 0, the black holes are thermodynamically stable in the region r + > r ext in AdS space- 
time, while asymptotically flat black holes are unstable in the whole rang of horizon radius. With 
positive constant curvature hypersurface horizon, there exist an intermediate unstable phase for 
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the AdS black holes and stable phase for asymptotically black holes. Furthermore, the AdS black 
holes are locally stable in the domain of r + > r ext for k = -1. However, the flat black holes are 
only stable in a small range of r+. 
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